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o HERTS: Q= {L, B}, FEXE [ FPEWEEFEEHESIE, ™ H XPESES.

o ERMNEERERRXMUMGRY, BAKEEES (A), BAKFES R).
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o BAMER P RFEMEE Pr[s; = || w = [], XERT YIMLHARTH L, BR
BENSSH ROREER. RIUUEENX P, PE, P BB P+ P =10
Pl 4 pl=1.

o BRERAIER 1 FRESSHFUAS Y H HIHER, 1R 1 — 1 2 L j9E.

o IEXIARMBES SHARSEEEFNIER, 8

Pl > P and P > PL.

JB A= PP Pl = Pl - Pl RS TMESHES () ROEE. RITLE
BIRZNT A > 0.
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o BNER i BE—MEEREL v;: @ x {A,R} = {0,1,..., B}
o EERAMFEE: T={L,H}

e An type-L agent (analogous to a tenant in the example) prefers alternative A in state L and
prefers alternative R in state H. Formally,

vi(L, A) > v(L,R) and v;(H,R) > v;(H, A) for i such that t; = L.

e An type-H agent (analogous to a landlord) prefers alternative R in state L and prefers A in
state H. Formally,

vi(L,R) > v;(L,A) and v;(H,A) > v;(H,R) for i such that t; = H:

o o, Tk type-L BRABEBIBDLL, an T type-H BN B ar +an = Lt
o = max{ag, ay} RNSEEHRFTSELEG. 2 o > L REHERSEEHE.
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An instance of our model includes:
@ the number of agents, n;
@ the common prior of the world state, (u, 1 — 1), where p is the probability of state H;

o the signal distributions, (P, Pf) and (PL, PF), where P and PL denote the conditional
probabilities of receiving signal s € S in two possible states;

o the utility functions of agents, {v;}?; (assumed to be private);
@ and the fraction of each type, (ar,ay ) (consistent with the utilities).

We define a configuration of our model as parameters {(a., az), (u, P2, PE)}.
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Mechanism. A mechanism M : R™ — A({A,R}) is a decision-making process that outputs a
distribution over alternatives based on the report profile (71, 79, ..., 7,) € R™ of voters. The
report space R is specified by the questions posed to agents, which can be about their received
signals, votes on alternatives, preferences in certain states, or beliefs about others’ signals. The
mechanism only sees agents’ reports and does not know any component of the instance.

Strategy. A (mix) strategy for an agent is a function o : T x § — A(R) that maps the type

and the signal received by the agent to a distribution on possible reports. A strategy is said to
be truthful if it honestly answers all questions based on the agent’s knowledge and signal. When
the type of the agents is clear from the context, we slightly abuse the notation and describe a

strategy by the function o : S — A(R) with the first function input (i.e., the type) omitted.
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Expected Utility Function. Given a strategy profile ¥ = (01,09, ...,0,), we denote the
expected utility of agent ¢ under mechanism M as u{\/’(E) where the expectation is taken over
the sampling of agents’ signals (with agents’ strategies, it decides the report distributions) and
the mechanism’s outcome. The expected utility is concerned with ex-ante outcomes, as
opposed to the ex-post utility v;, which is considered after the world state is realized. In this

paper, we focus on ex-ante utilities when talking about any equilibrium solution concept.

Equilibrium. In a social choice setting with a large number of agents, it is often the case that
any single agent’s deviation has a negligible impact on the overall outcome. Therefore, rather
than considering the typical Bayes Nash equilibrium, we consider a much stronger concept: the
strong Bayes Nash equilibrium, where the collective deviations of subsets of agents.are taken
into account.
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A strategy profile ¥ = (01, ...,0y,) is an e-strong Bayes Nash equilibrium if no subset of agents
D and alternative profile ¥/ = (o1, ...,07},) exist such that

@ o, =0} for each i ¢ D,

@ u;(X) > u(X) for each i € D,

© there exist i € D such that w;(X) > u;(X) + €.
R, RINEHRE—NS5858 D, SeBHE: XTMESTHIZSEBEIBERE,
FEENTEEFHENTA, IEREBENIK@ARELS, FEEDE— ARG RIEINE
De.
e-SBIUMHEAN 15, BAALLBIUMERRHIYESS, CRVHIERIET, PO ATLIBEN
LIREGSCIFAF], BERXBRFNBEHTTIRS]. 2 e =0 B, SRR MHETEE.
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AX(6,,6,) == PH .5, — P 5, > 0 and AX(6,,61,) := P -6, — PP -6, < 0. (1)

Heh, Al(5,6,) FRESSHRA 1 OAHR, HIEEEA A SREESENE (18
SF 1), AL, 6,) ATFHHES L FE.
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In the majority vote mechanism, a critical threshold exists for the majority proportion, denoted
as Omaj = 55; Where

PE .
S if PL 4+ PH <1,
M= ith
P .
W, OtherWlse.
h h
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For this threshold, there exist functions e(n), p(n), and v(n) all dependent on the number of
agents n, such that as n — oo, €(n) — 0, p(n) — 1 and v(n) does not approach to 0. For
these functions, the following two statements hold:

e If the majority proportion o exceeds this threshold 0p,;, i.e., & > Opmaj, an e(n)-strong
Bayes Nash equilibrium exists. Furthermore, any such equilibrium leads to the informed
majority decision with a probability of at least p(n).

o Conversely, if the majority proportion is below this threshold, i.e., oc < 015, there is no
~(n)-strong Bayes Nash equilibrium.

XANEEEL FE, MRSBHEHAGLY o BT TEIE, BPARRERE— (L) BN
AR5, BiX MG FREBLAURIR 1 AIRISEIRNESERER, k2, MRS
BHASLURTEE, BRAR AR HERN 151
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5|3 (Characterization of Optimal Strategy)

The strategy (67 ,9;) that maximizes the function P(-,-) is

o =% e o =1 it <
PL+PH> = 2
[ [ 2)
pPr+P/ g (
§;=13,01=1" Pi'{ipi’f otherwise.

where P(6;,01,) = min{p& (8, 61), p&(61,01)} for pi (81, 61) and pk (1, 61).
Here

1 1
A (81,0n) = 5t AL (61,6n) and pg (61, 6r) = 57 AR(81, ). (3)
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{5 (Optimal Strategy and Other Strategies)

Consider the signal distributions in Table 1, where signal h is generally more common.
Signal A Signal [
State H 0.75 0.25
State L 0.5 0.5

Z%: Signal distributions.

According to inequalities in (1), any strategy (d;, 0y) satisfying d, < ; < 30y, will ensure the
wish of type-H agents when no type-L agents exist For example, (d;,d5,) can be (6, 8) Then

agents vote for A with a probability of 1 ha s g upon signal h and with a probability of

l — % =z upon signal [. Such a strategy makes the expected vote share of A in state H, and
that ofR in state L be 0.75 x 7+O25 X g = "‘3 and 0.5 x £ +O5 X £ %—g respectively.
On the other hand, the optlmal strategy for type—?—[ agents is (57,5*) = (5, i5)- Type-H

agents deterministically vote for R upon the rarer signal I. The expected vote share of A in
state H and that of R in state L are both 2. O
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ApEl 1

The optimal strategy (67, ;) satisfies pil(67,07) = pE (57, 7).
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We first refine the possible range for the optimal strategy. Taking arbitrary values of §; and dy,

. " Pl s pL
with conditions ¢; > 0, §, > 0, and P—% < 5—’; < F%'
pf(éhéh) = % + P}IL{- op — P{{- o > % and pﬁ(él,éh) = % + P{‘ -0; — Pﬁ -0y, > % Then the
optimal values ¢, 67 must satisfy
min{pX(67,65), pk (67, 65)} > min{pX (61, 6), pE(61,6,)} > L. Thus, we can deduce that 5}
and ¢;; fall within the range (0, %] (If they are outside this range, it is impossible to ensure
that both p&(d7,67) > % and pg (67,65) > %)

Then we show strategy (&;,85,) with 6,6, € (0, 3] and pX(6;,6) # pg (01, 64) is sub-optimal by
providing a better strategy. O

we have

WCXHHE: MRF TNEERE
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o If pi(61,01) < p&(61,61), given that 4; lies in the range (0, 3], we can adjust & slightly to
create a new strategy (6,7, ;") where §;” = 6, — € (for some small € such that 0 < € < &),
and §;" = ;.. For a sufficiently small ¢, it follows that
PR (81,05) < pi(6;F,6;7) < pk(5;7,6;7) < pk (01, 61). Therefore, the minimum of p and pk
for (6,7, ;") is greater than that for (67, d7), indicating a better strategy.

o If pil(8;,61) > pk(81,61), we adjust d, to ;7 = &, — € (where 0 < € < ;) and keep
6l+ = §;. For a sufficiently small €, we get
pi (04, 6p) > pf(é?‘,d}f) > pk(8;7,6) > pk(81,04). Hence, the minimum of p& and pk for
(6;7,6;7) is again greater than that for (0;,5), proving the superiority of the new strategy.

[

BTIXMEE, BT ERESH5 NS .
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= 2+P5-57—Pﬁ-5;.
e EIRERILLBIRE
6 _PI+Pf 2 (PE+PH) 1 )
6 PL+PI P-4 pPH (PLt P2 T
FEILREBIE pY (pg RN T
T A hoOh+07) =07 =5+6 - | Py | +1) =11,
2 2 2 of
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5; F1 0 #B7E (0, 4] &, FRATBEBIRIE Dl ek S e

(0,
If 222 < 1 (indicating that 6% > 5*), the optimal val 5 =1 and
) 5t <5 (|n Icating that 0, > l), the optimal values are 0; = 5 an

§F — 1. Puitpy
I =2 PpLypH:
o If BitPi 5 1 (indicating that &} < 67), the optimal values are §; = % and
> 5 (indicating * < 47), p =3
5* 1. P/ +P/
h— 2 PpLlypd
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i if Lkl < 1
M ) PHPT 7 >
- H

(4)

P

h H
s otherwise.
PL+Pyl
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5|3

For configuration {(c.z, az,), (1, Pi, PE)} where the majority proportion o > 7 and the
number of agents n — oo, any strategy profile (01,09, ...,0,) such that the majority type-H
agents adopt the optimal strategy forms a strong Bayes Nash equilibrium in the majority vote
mechanism. Such equilibria lead to the informed majority decision with a probability of 1.

RIEAEEX S ENGCRERN. LSRR " 59, FACHR 7SS
RER. BAREFE "I 1987 ERREEN, ESEURENHP, (TR HEMR
Y EERRERRIRAIBE S EURER .

5|3

For the number of agents n — oo, any strong Bayes Nash equilibrium in the majority vote

mechanism leads to the informed majority decision with a probability of 1.
OXHHE: MR FOSRRA
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We show the majority agents can benefit from deviation if the winning probability of the
informed majority decision is less than 1.

Suppose the minority type-L agents take strategies (either symmetric or asymmetric) such that
the expected fraction of A votes upon signal [ and signal h are XEL) and ng). In this case, the
impact of the minority agents is equivalent to that when they adopt a symmetric strategy

(61, 0) with % — 0= XEL) and % +op = ng). Some type-H agents can conduct a
“counter-strategy” to absorb the minority type's impact on votes. That is, the symmetric
strategy (—d;, —0y) so that By =3 — (—=&;) =1 — X\ and B, = T4 (=0)=1- X\ The
remaining of the majority type-H agents can ensure the dominance of the informed majority
decision adopting the optimal strategy (J7,0;), or any strategy satisfying inequalities in (1).
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Formally, the majority type-H agents can take strategy (—d;, —d) with a probability of fT‘l
and the optimal strategy (J7,0;) otherwise. This strategy divides the majority into two groups.
One group of size (1 — &) - n negates the minority's impact, while the other group of size

(2 — 1) - n secures the informed majority decision in both states. The winning probability of
the informed majority decision will increase to 1 when the majority-type agents take the
above-mentioned strategy. Therefore, any strategy profile that does not lead to the informed
majority decision cannot be a strong Bayes Nash equilibrium.
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For configuration {(cz, az;), (1, P, PE)} where the majority proportion o < 7+ and the
number of agents n — oo, no strong Bayes Nash equilibrium exists in the majority vote
mechanism.

BN Egs 9%, RIERIEAYS BRNESRIIBSHRFAMRR S 1. ZTRE
{ERFNRIESR RIS R D SN RBES BT AU AU SRS KIS R AIIB S B RRAVE R .
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Suppose the majority type-H agents take strategies (either symmetric or asymmetric) such that

the expected fraction of A votes among them upon receiving signal [ and signal & are XEH) and

XELH)- In this case, the impact of the majority agents is equivalent to that when they adopt a

symmetric strategy (0;,0,) with £ — 6, = XEH) and 1 + 6, = xELH). We can assume without
loss of generality that the majority type-H agents play symmetric strategy (d;, ).

By Lemma 3, the minimum vote share of the informed majority decision among the
majority-type agents, P(d;,65,) = min{p& (0, 65), p& (61, 01)}, is at most P(67,0;) = M. Given
that aM < 1, either apy/(6;,6,) < 1 or ap§(6;,6,) < 1 holds. That is, the majority type-H
agents’ votes are not enough to secure the informed majority decision. For strategy profiles
that lead the winning probability of the informed majority decision to be 1, the minority type-L
agents can form a coalition to vote strategically and increase their utilities. If apf(él, o) < %
type-L agents can deterministically vote for R to make the vote share of R in total be more
than one half in state H. If ap§(6;,6,) < 1, type-L agents can deterministically vote for A to
make A win in state L.
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5|3

For configuration {(az, az), (u, PH, PE)} where the majority proportion o > 530 any strategy
profile ¥ = (o1, ...,0,) such that the majority type-H agents adopt the optimal strategy
forms an e-strong Bayes Nash equilibrium in the majority vote mechanism, where

e = 2B%exp(—2¢®|an|) and c is a constant defined by ¢ = (oM — 1).

Meanwhile, the informed majority decision wins the majority vote with probability at least

1 —2exp(—2c2|an)).

5|3

Any e-strong Bayes Nash equilibrium in the majority vote mechanism leads to the informed
majority decision with a probability of at least 1 — 2¢, where ¢ = Bexp(—2c¢?n) and constant ¢
is defined as 1 (2a — 1)(M — 3).

2
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For configuration {(a, az), (1, P, PE)} where the majority proportion a < 7+, no e-strong
Bayes Nash equilibrium exists in the majority vote mechanism. Here, € is defined as
e = 2min{p, 1 — p} — 2B? exp(—2c%n) and constant cis 3(2a — 1) min{M — 1,1 — aM}.

LRI, £ » BRABRT, HARRESERIRURES, RERARE.
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I
There exists an anonymous mechanism {(a, ), (1, P, PE)} with a critical threshold

0* = =5 +1 for the majority proportion such that

o If majority proportion o exceeds this threshold 0%, i.e., a > 6%, then truthful reporting
becomes an €(n)-strong Bayes Nash equilibrium and this equilibrium ensures the informed
majority decision with probability at least p(n), where e(n) — 0 and p(n) — 1 as n — oco.

BRI, REOHE 0 = oLy NFETF R Oy = 25,

\Y
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Our Mechanism

@ Information Collection.
Each agent i reports his/her private type (£ or H), the received signal (I or h), and a
L

R . P,

threshold value §; defined as Pff’ﬁj'

@ Majority Type ldentification.
Determine the majority-type, M, from the agents’ reports.

© Threshold Calculation. . A
Calculate the collective threshold, d, as the median of the reported ¢; values.

Q State Assessment.
Determine the true world state, @, based on whether the reporting frequency-of |
exceeds the threshold 6. Set & = L if the threshold is exceeded; w = H otherwise.

© Outcome Selection.
Choose the preferred alternative of majority-type M in world state .
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Hhgt

FESIH—NRE 0, EREMSEEMTRE, XELXTES SENNLHAEER
HROfELH. BRBAITIET RS SETHFRENFETT (e.g., Priw = L|S;=1))
XS EAD AR EIRYSSHUEL (e, Pr[S;= 1] si = 1)), X—$¢tbix§5*5ﬂ75‘ﬁ¥“1au |

8. BEEAEASEXMEFEPAEL, EIRIREEBEER o fERRIE. o= PL AT

LA R E XRER:
Ani 2
e PH
Pl > Br +PH>PHandPL PL+PH<PH (5)
Eiﬂi__tﬁﬂﬂl Xj{F o > Z;?T' %kﬂ]%ﬁLljtq:ggit:
L
aPl > Pr PH > aPf 4+ (1 - a) (6a)
PH
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1R
It suffices to d hat aPY > =P and =1y < P! hold for 1/(A <
t suffices to demonstrate that aPy' > pritpr and prtpr < aPy hold for 1/(A+1)<a<l.

The rest inequalities follow directly from them because each term is 1 minus a corresponding
term, for example, P + (1 — a) is 1 — a P
Recall that A = PlL — P{{ = PhH — Pﬁ, it can be derived that

L L
PP+ Pl = PE 4+ PE— PL+ Pl =1+ A. Thus, we have aPF > 25 = 2
1 h

and

PlLPTfPf = AP—_(Z < aPH which concludes the proof.

RER (5) LR L1ER, HATES5EREUNSIRISES, HTIBEERREMBSEIRE.
NEFTESELRESS L, 258KEIES | WAISTEE, SESRESN 1 Y,
S5ZWENES | FOLLBURTEE. XIRENSEEEI ESOMERFIRETRE.

Z;;fﬁfﬂg Q(iQ%gEBﬁtﬁ%f%?ﬁi%ﬁ%@ﬁﬁﬁ%ﬁmEI'I',HﬁéPM-I-i’S@i, R EUIRTT A E T SRbs iR
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If all agents report truthfully, our mechanism will output the informed majority decision with
probability at least 1 — 2exp(—2c®n). The constant c is defined as

1 Pk PF
¢ = — min PlL— 7 L i L H—Pfl .
3 Pr+ P} P+ Py
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For configuration {(az, az), (u, P2, PE)} where the majority proportion o > ﬁ and large
enough n, truthful reporting forms an e-strong Bayes Nash equilibrium in our mechanism. Here,
we define € as € = max{Bexp(—2c?|an|),2B? exp(—2c?n)}, and define the constant c as

Py Py
PL+ P’ pL 4 pH

c—;min{aPlL— [anI—i—(l—a)]}.
= n BTSN, RIBERIERS R, HAGEESEABSERRRIMEN 1. RILSHIRL
BlRENT. MTOR, BNEXNMER TRIOERN, TENRER:
@ In state L, even if all minority agents report signal h, the fraction reporting. signal [ will be
aPE. By the inequalities in (6), this lower bound of signal I's reporting rate, exceeds the

threshold § = -2
@ In state H, even if all minority agents report signal [, the fraction reporting signal I'will be
aPH + (1 — ). Inequalities in (6) show that this upper bound falls below the threshold.
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I

For configuration {(az, az), (u, P2, PE)} where the majority proportion o < A+1'

0<p<1,PI=1/2+A/2 and PX =1/2 — A/2, even the number of agents n — oo, in any
anonymous mechanism M, truthful reporting cannot form an e-strong Bayes Nash equilibrium
that leads to the informed majority decision with probability 1. Here, € is defined as

e = zmin{y, 1 — u}.

EIE

For configuration {(a,a), (1, P/, P)} where the majority proportion @ < 1,
0<pu<1,PI=1/2+A/2 and P =1/2— A/2, even the number of agents n — oo, in any
anonymous mechanism M, no symmetric e-strong Bayes Nash equilibrium can guarantee the
informed majority decision with probability 1. Here, we define € as € = %min{u, 1— u}.
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