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Head’s up no-limit Texas hold’em B

FNH i (Texas hold’em) & FhATATIMABIIIEN . A ORISR
Fé £ B T BRI 58, (Heads-up no-limit)
HEAH:
o FERLFLA I MK (hole cards), (X CURT AL
o Wilesh HPUA FYER BE: BT (preflop). EAMGIE (flop). %4l
(turn) FATR (river).
o JEIITEY (dealer) %, AFAHININ$HITFAT 3.
o TYEI A EAE: Hh (fold) BRYE (call) SNTE (raise)s 4T (all-in).
o JEMRTE (no-limit) F2 F0 VFBTS AL RN ATUERN 1T (7 250
R
O KFIKIMAEITIR. BITH 4TI
@ I &AM, T A FIE.
© B BT HEFTH =R TUE
© T BHHHAIM . PATEIF 5 FIE.
@ HHLAFRAMM. MEMHAN, HMBATEE.




Imperfect-Information Games |

o JR5¢ A5 B (Imperfect-information games) #4411 T HA i (7
EIHIEERES, SATET SRR, M. 52, A&
s

o TESEAE(E MR, Wi A Vel A UL s L TR P
AR 24 45 LR P I R A A CE L5 ORI
TR .

o XL EMLTHA N oo BHZR A TR, &
FEat MO BER 1 AT (ORI 7EBKBE (checkers)
b, 2] DU MRS N T OB 7 MRS 52 4 et
e,




Imperfect-Information Games |

o JRIM, fEATEFEE RIS, (UFHIZ FIRZRI R TCEE—
PG R USRS 1, BRI B B DT SOE s S AR R, 5
DU AT REBGRT X F AR AR BRI F R AT DRSO 1E -

o REXERKEREN, ANPGRS 2 Wrhigfft— MR .

o I RAFEATE G BRI T IR B FE A G, T —
AR EEIN P p A

o filt, EAHKFRIFEM Fh7E (heads-up limit Texas hold’em), —/MHX
AR, i 101 s, EAR L RERE R
Wi ReE

o SRIM, IXFITETCEY B KRIIEZE, Hlan SR kT BRIEFE M Fh
77 (heads-up no-limit Texas hold’em) —— 145 1016 N pesfi g




Introduction

Imperfect-Information Games |

FEARTIH, AR BEE A N A SE A5 B Ry IR A A
REFSZIEAT . BRATPGE ] — 1] B Coin Toss Jixk, U1 R -

[&: Coin Toss it~ &
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Coin Toss Example THE

s Wi
o JiXkBL P1 fI P2 #H(7. P1HAETH, 55K Heads 5 Tails, #f
K05,
o P1UIEEEIR, (H P2 AWM.
o Pl SRIGHEF— 301k Play 5 Sell.
o M5 P1JEFE Sell, JEak&5H . WA /2 Heads, P1 jifs $0.5;
R Tails, P1 #5146 $0.5.
o NS Pl ifet% Play, P2 MAJIUEIAE T A2, 5 (Heads B Tails).
o WNE P2 55471, Pl 3f}P2§1.
o NS P2AEHS T, P2 2L P1SI.

o Play B SE T — 1 P2 B TAH AT

May. 4 2025



Coin Toss Example B

[l BT A9 e 515 S, R B, HIEATENEA T — RS,
FNTRATCHR IFODIR T R Z AT A BRI SE . HHR ORI 2 AR
XA AR, BT LA 2 A W 4] -

SR, AEBIAN Coin Toss IXHERYARSESL R B MR, AN BEEP
G M o = S| VL S S T R N I (PR X e i e

AR IR RS B AR T 7 R A A A 2R Y

AR R AR, = PRI REIE A7 1 Ry ——3k
TR RERAR — 5
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Introduction %

Outline of Libratus

ZHEJIANG UNIVERSITY

Libratus

Rules of the game

Abstraction

Subgame solver Self-improver
Equilibrium
finding

\

Belief distributions fand g

New action abstraction for part of game

May. 4 2025



Abstracti

Abstraction
Original game

Abstracted game

Automated abstraction .

Custom
equilibrium-finding
algorithm

. . Reverse mapping
~equilibrium +~———— ¢ equilibrium

Foreshadowed by Shi & Littman 01, Billings et al. 1JCAI-03
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Abstraction 177 X% ] - 3
Abstraction

Action Translation




Grouped together

Card Abstraction

[Johanson et al. AAMAS-13, Ganzfried & Sandholm AAAI-14]

(I D H .Q‘Q .0’0 ‘:’:
¢ v
LIETER AR B AIE IR LR M 2
:’ ’ é Best Hand:
s o |8
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>
<>
>

;n
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Subgame Solving

Extensive-Form Game

N SR E SO
o JJj S/ 1Y i (Histories/Nodes) H: A [RY (5, MypiigEms. &k
LW RMALE TR ZCH. T R
o f18h¥t5 (Player Function) P: H\ Z — {1,...,n,c}: 18 EAEIFLR L
TR ATEII B R B S R c.

o ZffF (Actions) A(h): T 51 h AIIERIAIRBIVEERS .
Ah)=0 < heZ.

o J54kY5 i (Successor Function): %t h € H\ Z,a € A(h), h-a &
WAE a JRRNERTT R

o H£:HF% (Chance Probabilities) p(h, a): #5 P(h) = ¢, W p(h,-) &
A(h) ERIBERDAT, 3 e agy p(hya) = 1.

o ItZULEE (Player Payoffs) u; : Z — R: B i fEALEY 5 2 INIES -

H
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Imperfect Information and Strategy B

Imperfect Information:
o 15 B (Infosets) Z;: Hisz i T 5EE H; = {h € H|P(h) = i} BIXI5>-
H—fFE%E e L P b b € I XK i ANA[IX 5
o Hsk: P(h) = P(W) =i H A(h) = A(K'). iCAE A().
o EERMFERMIE: HMEEEAE AL
SR (Strategy):
o (f774) KM o Wtit, NEE1 1 € T 457E A1) LIRS ou(1) -
o o;(l,a): f£ IEFEIE a € A(1) HINEZR, ZaeA(I) oi(l,a) =1.
o RS E o= (01,...,00)-
o o_;: BRIIK i SN A RIKIBHE . 0 = (01,0-)-




Reach Probability and Expected Value B

ULJ‘EE‘?L (Reach Probability):
77 (h): HEME o NRTATT R A B
):

w7 (h): L5 i WEEIE b TR (B2 R BUSR | SR TR
7% (h): BRI { ANITEBLE (SHLE) XFEE b 1 TTmAEE .

w7 (h) = nf (h)w?(h).

77 (1) = Zheﬂ (h): BKIEELET € T, IURER.

(h|I) = ,,a(, s FIAE B TN T 5 h ISR (B4, &

Y G'

w7 (I) > 0).
WIBL 75 (Expected Value):
o vi(h,o): IR R FFIR, ¥ o BEATIERR, B @ AR 2 -
® vi(o) = viroot, o) = >, m (2)ui(z): iR EIH N 4
0 vi(l,0) = Xy 7 (hDvi(h,0) = Ze IO gt 1€ T, iy
BB (G 77 (1) > 0).




Nash Equilibrium and Related Concepts S
B EMI L (Best Response - BR)

SR o FEXT o Y SREEMALY, H R

of € BR(c*;) = arg max vi(ol,a0*;)

AT# 1% (Exploitability)
T SRS o 25 NE HIREEE CRUNZRITEZE A 41)):
expl(0) = maxvy (a7, 02) + maxvy(o,03)

= ma}xvl(ai, o2) — mi/nvl(al,aé)
gy @

= (vi(BR(02),02) — vi(01,02))
T (V2(0'17BR(0'1)) — VQ(O’l,O'Q))

SRR LR VI E] BR RO SO 2 A . NE B R Ay 0.




Counterfactual Value T

H{ER E X E (Counterfactual Value of an Action)
REE I € T HhahfE a € A(D) WY FLAE:

_ Yoner ™ i(h)vi(h - a,0)
Zhe[ﬂgi(h)

REBIE a 5, FEIRAET R 1 - a JFAGWEAY I 28 (F =2, (R) HAD).-

v (L, a)




Subgame Solving

CFR Related Concepts and Subgames B

RESELHENML (Counterfactual Best Response - CBR)

FEEE €L Xt o (1 CBR SIERHARI v (1 a) KEHE a* € A(D) .

CBR? (I) = arg max v’ (I, a
(1) = arg max vV (1)

REXEHEE (Counterfactual Best Value - CBV)
B i AR IEEE 1 € T, REIR B ok R 3 SLH:

|
I

CBV° () = o1,
(1) Jé%v( a)




CFR Related Concepts and Subgames B

FEEEE FIEZE (Imperfect-Information Subgame)

WRES S C HELT — T HZE, R E:
@ J54kiAfl (Successor Closure): 45 h € S,h ¢ Z, N
VYa € A(h),h-a € S.

O (= 2LEM{U (Infoset Closure): #heSHhelel, MICS.
Swop = {h € S| KW K(h) ¢ S} R FHEFFRIALCT A
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Introduction to Subgame Solving B

YR TR]—E W B R AU O 2SR A T T2t
B T YRTA AR, R S SR

HACKUL, (B B R 2 o, AR AT IR S s —4
gggﬁﬁﬁsﬁ% o, [ 0¥ 16 S 2K 5 o MIF, (B7E S PESE AT
S ’i] 5.




Subgame Solving

Unsafe Subgame Solving S

— R A R AA R, IRATE AR B RSO FAE AR
IRt P SR SRS S TR BUSE T SR 71

TREARH, RIS FRITEFA TR 5 . AF 2, Unsafe Subgame
Solving 2 A AHARA I :

EHR May. 4 2025 21/46



Unsafe Subgame Solving S

JfH., Unsafe Subgame Solving it N 17 il Y [F MR 2 B T 2 A
%ﬁ%%ﬁ%@ﬁ%ﬁ@%%%%%,W%*L%,ﬁiﬁﬁﬂmﬁﬁ
S

XAE IR AR T DI, BADPTFATESE R RIS O HE T4
M, FTLIRNTEAMEEREERE? —Eafl? XERE—1
bad idea.




Unsafe Subgame Solving S

L E, S TRENER, FEEXNFIHFAREE RS, Bril
Unsafe Subgame Solving 5L B FPRSUR B ARG .

{ERIFMREIE, Subgame Solving AL BERI FHI AT FIFINE, 5
IS . S B, BT e — I ERE R T i% -




Subgame Solving

Safe Subgame Solving S

BEXSLA LRI, FRA TR P RARIR A 53 -

AR B PROR AR ) 5~ IR, XX FATTR S R T PEA = 5
FATAT ISR 7 I ARR I, X TR R R T2, Hs
IR L, SRR 2 — 7 SR AL

Heads ‘/ c ) Tails
p=05\

o ) Pros
B Y — >
\ & &
) AP S )
WA (s e (& I K
s 0 4 ¥ os o s
[ 7 S — 2
{2
Y
A aiF 1
(a) Unsafe subgame solving (b) Resolve subgame solving

Figure 3: The augmented subgames solved to find a P, strategy in the Play subgame of Coin Toss.

EHR May. 4 2025 24/46



Safe Subgame Resolving "

KT BA LT PFANE S Sop, FA LIS FROHERIEF T2, RN
el AR REHT R RS AR N P SRA H S T
N TR, ol LOEPGRH . BT S5 B5EH CBV.

SRIEXT T IRXABAI LS, FRATERT N BORAR, F520HTH SRS .
FRATHE PR MG AE 5 [P R AT AT —TRfoxe T e AN 2 2 W el S

—WRA—AWE ST, ATF R DA HEAE BT best
response, | LR EHEZRH -

R, A4/ AT HAS 2 He SR S22 AU RER T, FRAT Tl LASE
AN N I BRAR 52T SRS




Maxmargin Subgame Solving

AOFTTE FA AR BATHAME REAERIAT DL T BB T

1. -

Maxmargin SRS N EE I TEEE L1 € Swp E L PILA
(margin), AR S RE:

M (1) = CBV°2(Iy) — CBV"* (L)
SR IR e/ N RUE: s
min M° ()

11 ESop

MAESCM T AR E], XA 7382 safe Y.




Reach Subgame solving

FENZPTIERT . HATESEIN A gift AL, FRAENFAE L8
FIBHY S5 R ARR

10 gift BR%L g(l,a) = CBV(I1) — CBV(I,a), X TAEAFIEEE [ 1%
IE a 171 H B QSR 5 SE Pk DRI 25 -
BT gift BREL, AT LMEM Z i Maxmargin J53%, & 3 Reach

margin:

M () =M (L) + Y. gllld)

I, @' €l |P(I,)=P;

FRATAT LUEX AN R %Gs F 2] Maxmargin B, 53] Reach Maxmargin .




Reach Subgame solving S

X IRSERY Maxmargin J73%, BT HE BRI -

BISCAE 24 Y Subgame, _E—2LXS Tl 7R a, WX TF E2H
8,8, ABAMILES 1, 15 CBV FEE T $100; (HZ MR E
10,10, AR AMEB AL, CBV F3cA T .

Maxmargin [ 7702, AEXF E—M T4, FATHGEIAE
W SR, BEH{E CBV RTT GEAL SRR




Reach Subgame solving S

BOEAEREESEMS . BN RE T 8,8 19 CBV /2 $0, 10,10 [1] CBV 2
$200; ABAAEIX T 8,8 1) CBV /& $-100, 10,10 [ CBV & $200.

i#jd Maxmargin J5 ik, FAEFXPFIEHLER CBV #ESERE(T 1 850,

{HA2, WX TR &, thER) 8,8 I, RANZHITT8a, WA
FEZF] 10,10 AP TATE) a, ARAFRATN TASE 8, 8 Tk 10,10
SRAE HY RO A LR B

Reach Subgame solving N5 A\ gift sR%L, Sl RIXFRR R : EiE
gift 5| \ Maxmargin pRZH, {815 8,8 {y CBV KA TR 1 $100, JXHf,
FATEFAT AME 4 10, 10 19 CBV R $75, 11 8,8 1§ CBV _EJ $25
YRR -

XAEBATTAT LIS E e 875, HANFSE -




Estimates for Alternative Payoffs B

FA14E Reach Maxmargin BYJ5 5T, FAT X T4 WA i CBV
AR T 2R R, X FsL B AMERA—3RATAY ELE HAA
T REUE M A T T S L IR A B AGUE D X T O S A -

MAESEEE T, VR AEL, IR RS IR SR, AR 4 e iy 22
W A AT A8 B fIC SRS A ST A a2 T L-P AR S

Test game of Flop Texas Hold’em using an abstraction that is
0.02% of the full game size:

21 mbb/h 35mbb/h 38 mbb/h 112 mbb/h
Py value when P, Estimated game value True Nash equilibrium P, value when P;
plays a perfect response  according to abstraction game value plays a perfect response

May. 4 2025 30/46



Estimates for Alternative Payoffs B

FELE, AT ERRSEes R LS. FATATLAER AT Subgame
Solving 15 2 ) MG AR BTN (4765 -

EIE
WRFH AT ERE ESE, AT AR 2 A SR R )
2 SR




Estimates for Alternative Payoffs S

ISR FATTZ R4 A0 T 58498 all in, ARZFATREAA TS A -

ie

*

* 2 :
o S o
* v ¢

Xy
v

$950

FAPBEFA O T HAR IR T, FATVATFRZNIE, Toext
TR 2, PATIRAT USR] RES I o 1 2B 4 -




Nested Subgame Solving THE

Nested Subgame Solving: LI 15X F off-tree ZEMILN IHIA, R
TRRTTE S35
o FZIUMEAH: X Tk dE off-tree ZUMERS, FRATHE— M E T
DURHERY. ,  TTAS 2058 P — M e i

o it WLMRENH, XIF4E off-tree BHEMKIKALEE .
o FRH T WIFhEET L BN 771k (inexpensive method) 155 517714

(expensive method).




Nested Subgame Solving: Inexpensive Metho B

Bt /7% (Inexpensive Method)
O WiZIME a JRH TR S Mg oe Tl g%
@ X T HFEHEME R L, W P1 AR 5 EEE I AT REAL T719 5
b, WIERINME B8 L 2171658
© fARYLX N T IZRIFF RN o5
Q ¥ o’ 5 o UEWMHEE o, CEY BT IAAEESE a.

BN s B2 P FRIERE off-tree I1ERY, HE&E ILRIFE .

Wt 7T JRIER: Foik Y Unsafe 7RSS, NONRE ISR S5
VERIMEZR A SE ;. 70155 Reach Subgame solving 254, [RIAFLY R
B g, a) AE L (BEESRIEATTED) .




Subgame Solving

Nested Subgame Solving: Expensive Method "

57715 (Expensive Method)
o HAEUA: AIRIATA LS G Unsafe sSRARAICHE, FTLICRH T —

M7
o S s AR AR h - a THRTHZORAE (L a 2 off-tree
ZH1E) .

o L UR:
Q R h M A I B N TR
O K3NE a BIMBNZ IR
O XMEMUSIN 45U T Unsafe K7 .
o filtpi: FHIZEHIUIG K, FIMZIUN A(h) RN EIE (BRT a
A8 BT AR .

o MU B It RN FAEF AR AR IS Wi E T off-tree 01, MIFHE
TR ik SR




Table 1: Exploitability (evaluated in the game with no information abstraction) of subgame-solving

Small Flop Hold’em Flop Buckets: 200 2,000 | 30,000
Trunk Strategy 88.69 | 37.374 | 9.128
Unsafe 14.68 | 3.958 | 0.5514
Resolve 60.16 | 17.79 | 5.407
Maxmargin 30.05 | 13.99 | 4.343
Reach-Maxmargin 29.88 | 13.90 | 4.147
Reach-Maxmargin (not split) 24.87 | 9.807 | 2.588
Estimate 11.66 | 6.261 | 2.423
Estimate + Distributional 10.44 | 6.245 3.430
Reach-Estimate + Distributional 10.21 | 5.798 2.258
Reach-Estimate + Distributional (not split) | 9.560 | 4.924 1.733

in small flop Texas hold’em.

EHR
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Table 2: Exploitability (evaluated in the game with no information abstraction) of subgame-solving

Large Flop Hold’em Flop Buckets: 200 2,000 | 30,000
Trunk Strategy 283.7 | 165.2 | 4141
Unsafe 65.59 | 38.22 | 396.8
Resolve 179.6 | 101.7 | 23.11
Maxmargin 134.7 | 77.89 | 19.50
Reach-Maxmargin 134.0 | 72.22 | 18.80
Reach-Maxmargin (not split) 130.3 | 66.79 | 16.41
Estimate 52.62 | 41.93 | 30.09
Estimate + Distributional 49.56 | 38.98 | 10.54
Reach-Estimate + Distributional 49.33 | 38.52 | 9.840
Reach-Estimate + Distributional (not split) | 49.13 | 37.22 | 8.777

in large flop Texas hold’em.

EHR
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Table 3: Exploitability (evaluated in the game with no information abstraction) of subgame-solving

Turn Hold’em Turn Buckets: 200 2,000 | 20,000
Trunk Strategy 684.6 | 465.1 | 3455
Unsafe 130.4 | 85.95 | 79.34
Resolve 454.9 | 321.5 | 251.8
Maxmargin 427.6 | 299.6 | 2344
Reach-Maxmargin 424.4 | 298.3 | 233.5
Reach-Maxmargin (not split) 3334 | 2294 | 1755
Estimate 120.6 | 89.43 | 76.44
Estimate + Distributional 119.4 | 87.83 | 74.35
Reach-Estimate + Distributional 116.8 | 85.80 | 72.59
Reach-Estimate + Distributional (not split) | 113.3 | 83.24 | 70.68

in turn Texas hold’em.

EHR

2025

38/46



Table 4: Exploitability of the various subgame-solving techniques in nested subgame solving. The performance

mbb/h

Randomized Pseudo-Harmonic Mapping | 1,465
Resolve 1502
Reach-Maxmargin (Expensive) 149.2
Unsafe (Expensive) 148.3
Maxmargin 122.0
Reach-Maxmargin 119.1

of the pseudo-harmonic action translation is also shown.

EHR

2025
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Self Improver ).ﬂi)!); P
ZHEJIANG UNIVERSITY

Self Improver

Libratus

Rules of the game

.

Abstraction

Subgame solver Self-improver
Equilibrium

\ /

Belief distributions fand g

New action abstraction for part of game

T May. 42025



Self Improver B

Self Improver 8 AW AT EH O FIETE A % KA 1E 1 K SR .

T BRI , AN SRAE Y TR A Ao T R Ay . HORAE IR P SR o
W5 JER " Hole”, AR At 2 RIIATF1X 4> Hole Y% .

Filling Holes in the Betting Tree

* We do this for top k holes

May. 4 2025



Observation about Libratus’s Play S

Strengths:
@ Many different bet sizes (B4 F{H414)
o “Donk betting” ([ 3 2 i th AT ES 4R EE N YE)
@ Huge overbets (Fo A\ KT #us)
o Near-perfect balance (/[ JE = & 7 PTHIA)

B b2 ARSI SOP IR, (HSE AR IR . 7E
SRR, SR RER R — R T T L
SIEOUIBI JFRMER . TR B ke Rk

Weaknesses:
@ ”No” opponent exploitation (JL-FAFI X -85 5, AL {GEAE A58
9]




What about 3+ players? I

ISPk
o IHEAN{T 11K PPAD-complete [
o 3+ Bryhy, HIER AN A48 St n] BEAE 012 by 4t
o IR T X FZ MM ES, LIRS Z WA REHEA

LA DL
o MRIHIALEL NFe 53 RAf
o REHIIHXZHRIFIE, M2 AR A BAI T
o GENAIE (H22il G Ek N
o HHTJL-FArAfif TR T AR #AT A K AL




DIFFICULTY oF
VARIOUS GAMES 2012
ey PR COMPUTERS

@
ezl
G ()
@
) ) |
\
(s RIS,
CorteuTeRs Can nm.,_ml
BEAT ToP HOMeNS 55;.;%" ‘
] |
S |
S
e |
@D OReE THE)

DIFFICULTY oF
VARIOUS GAMES 2017
eoy R COMPUTERS

@

@@ |
@R (9

£BR
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Future Directions

AR AT FYARRBIESE T 1
o 1H7F AL 1" R4 —Hig”
o JFAREAEH NI A I SR BRI N s A R SR PRy B —
%

o F 5 1E TR
o REH MK (Risk). Fhg (Diplomacy) 5525 A\ i

o Bt 5 ]
o VAL
o TAN,
o IS




Extension
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