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Introduction »
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Bondareva-Shapley Theorem
Balance Condition

—EEES D BVEES, MRAE D IEEUA R (0s)sep, 15

Y bs=1, VieN
{SeD:ieSs}

Theorem 1: Bondareva-Shapley Theorem

AR (V) RS FEE SRR X TR P S D D
M- PESRCE R & (0s)sep, AL :

N) > Z dsv(S)

SeD




dareva-Shapley Theorem

The Proof of Bondareva-Shapley Theorem S

Bondareva-Shapley & A DA 2t H 0 Fo 0 g B IE I -

ILP(N) ={SCN,S# 0} AAF=HEMES . 15 P 557 P(N) 1Y
FTARCERNES:

P = {5_(5S)S€P(N) s> 0VS€P(N), > b5 —e}

SEP(N)

POEA R RY L R — iR, AR gl Saams,
HARMGA € N, oy = 1. WTFEEESWAZSENET S,
0s=0.
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Bondareva-Shapley Theorem

The Proof of Bondareva-Shapley Theorem S

Proof Outline
e R SR A LA
o XA, FUEWH AT HRIRA R4
o AITLNENRINI I, HEIT G BRI 8 Zp 5T HEX
BRI Zp-

o IEMIZAE= H HALY Zp <v(N).
o iEH] Zp < v(N) L HALY Eid%EUKA7




Bondareva-Shapley Theorem

The Proof of Bondareva-Shapley Theorem S

Theorem 2: Bondareva-Shapley, Second Formulation

B (V) AR SR TR R -

v(N) > Z osv(S), V6 = (ds)ser) € P-
SEP(N)

Proof Outline
i FHZE MR RIIE B LA BB B A 40 R LA 2B 3R -
o JE N — MR, FFUEB R TSR A R HAESH .
o JHIT LRI XM ERE, HEWT HIZ MR E Zp T HHE
FXIHIE Zp -

o IEMEZIEZ Y HANY Zp < V(N)
o UEM Zp < v(N) HHALY FiRSER AT -




areva-Shapley Theorem

The Proof of Bondareva-Shapley Theorem S

TR 1 EX&LMEL
FIBLAT A (0s)sep(y) HIZHERLI:

Compute: Zp := max Z osv(S
SEP(N;
Subject to: Z 0s=1, Vi€EN,
S:iesS
os > 0, VvVSe P(]V)

BRI AT AR LT i L P

WHTATE, ZEERZEARZEN; Fit Zp 2ARK.




Bondareva-Shapley Theorem

The Proof of Bondareva-Shapley Theorem S

ZIR 20 YR O]
XHB R BUE AN A A () ien BY AT :

Compute: Zp := minx(N),
Subject to:  x(S) > v(S), VSePW).

E&UE Zp 2 ATRK, KRR B XHEEER I Zp 2 a R,
HET Zp.

H8 3 MRS, W2, <v(N)
& x NEFRI— A MEFEBE S, A x(S) = v(S). Fikx

JEXHBABE A ZIR . HARREE x SLRYMEZE x(N) = v(N): AL

ZD S V(N)
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Bondareva-Shapley Theorem

The Proof of Bondareva-Shapley Theorem S

B4 MR Zp < v(N), WIS

& x XHBIERE— A TRE . BAEZRAL AR S ME, BT x(V) = Zp.
BT x S EXHE AR, BRI . FATEY x(V) = v(N).
T Zp =Zp, WL x(N) =Zp < v(N), FrLAZATHERT x(N) = v(N).
e x fERZrh, LM AR

TE|S5: 7, <v(N) SRS ERZMRMIL

Zp < v(N) 4 HAUCH X TR FAITHE 0 = (Os)sepavy» #VE
Y osepv) 0sv(S) < v(N), HIE HACH EREA SR AL O
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Convex Games and The Weber Set B

Theorem 3: Convex Games Marginal Allocation

B (V) 2N EEEgE, FEE x R RO R

X, =v(1,2,...,n) —v(1,2,...,n—1).

U B x AETEEE (V) B9
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Convex Games and The Weber Set B

UERH.
HIE, IEH x(N) = v(N):

D xi=v(1) + ((1,2) = v(1)) + (v(1,2,3) = »(1,2)) + - -~

ieN

+ (v(1,2,...,n) —v(1,2,...,n—1))
=v(1,2,...,n) = v(N).
ETRIEN TRHEMKESCN, A x(S) > v(S). &S={i,iz,... ik}

A {ivsiz i1} €{1,2,.,5 = 1}

RIS, A

V(l,?,...,l_}')7V(1,2,...,ij*1) 2V(il,ig,...,l}')7V(I.17l.2,...,l.j_1).




Convex Games and The Weber Set TR

IERR. (4%)

ES [l
k
S)szi/

j=1

= (v(1,2,..., ) v(1,2, i1 —1)+ (v(1,2,...,i)
—v(1,2,...,ip — 1)) + (v(,2,...,ik)—v(1,2,...,ik—1))

> (v(i1) — (@)) (V(l1’l2) v(in)) + - 4 (i, das - -5 k)
— (i1, 02y -y ik—1))

=v(i1,ia, ..., i) = v(S),




Convex Games and The Weber Set B

Remark

HNELIEM, BESSEHENERHET m = (i1,i2,...,1,), LUFAERZ
IR (V;v) PRy — i

w = (v(ir), v(i1, i2) — v(i1), v(i1, 2, i3) — v(i1,i2), ..., V(N) = v(N\ {in})).

Definition (Weber Set)

SECEES {w™ : 7 is a permutation of N} B M EIMEFR A SAETEZE (NV;v) Y
Weber £5 .

AVAFARFET AR, BRI PEELEN, A ERZR
MZtETHAE, NIELSERIFNERL T, ZEHAERMAEFN.




Convex Games and The Weber Set B

WERR.

NP PG - BB — DB x AT Weber 22 W(v) . Y5
SESCPHGER, BT w(v) BOERIAYE, fFE— Nk y € RY, (#15
Tz e W), #A:

Z-y>x-y

el XTI o

whey>x-y XM ©




Convex Games and The Weber Set TR

HERR. (£%)
BHEF T WL Yr(1) 2 Vr(@) 2 - 2 V) A

Wy = Zyﬂ(f) v({r(1),7(2),...,7(D)}) —v{r(1),7(2),...,7(i = 1)}))
*yw(n)v( +y7r(1)v @ JrZ(Ym yTr(1+1) ({’/T(].),’/T(Q),...,W(l')})

BT v(0) =0 H yr@) —Yrern 20, IHH, XTHAEKES, x e C(v)
R x(S) > v(S), WILEATA:

w™ V< Vn ,,)v + Z()/w (i) y7r(i+1)) Zxﬂ(/)

j=1




Weber Set

Convex Games and The Weber Set B

ERR. (&
WA E, AT — ST

n i n i—1
why < Zyw(i) var(j) - Zyw(i) wa(/)
i=1 Jj=1 =2 j=1
= Zyﬂ(i)xﬂ(i)
i=1

Biw™ .y <x-y, REZIIIAFX W -y >x-y T)E.
R, IRATATLMSHE5E . 2 Weber SERITTR O
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Shapley Value in Convex Games

Shapley Value in Convex Games I

Theorem 4: Shapley Value in Convex Games
W (N;v) B—MIEVERZE, H2 Shapley [EAEHZRRIZH

WERR.

MNTEANHS 7 € TIN), i&w™ R RY s, 55 TE4
i€{1,2,...,n}, HEiMMIRN

wi = v(Pi(m) N {i}) — v(Pi(m)).

HRZ BTAER, XN 7 e IIWN), wr £E/2E (V; v) k. T
Shapley {E & T A IXEEF i (W) remvy) HIFAME

1
Sh(N;v) = Z ;w“.

w€II(N)

BT e — %, ATLMEHIZ58: Shapley [EAEZH (IIACEL). O
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Shapley Value in Convex Games 8 g

Nonemptiness and Uniqueness of the Nucleolus

3 (N,v) B—AFU n A BEENAIFIZE. BE— AR
x € RY, FAIE L e(S,x) = v(S) —x(S), Ffi S CN. SRR AL
Jr x THEHLS IRAE. LRI S XA x KRR
FgRE k.

R, BAVFEIZ C(v) BT EHEY N AR 2 BOT RAVES - X

TR x € R, 4 0(x) For (2" —2) defi, o i g tihid
S HES AR FLAS R E e(S,x), Hrb 0 # S # N Bl 6:(x) > 6;(x)

MFL1<i<j<2'—2. Jl 2 FoRBEZRER” FHF/NT KA.

7E X (Nucleolus)

5 (N,v) BIA= n(v) BAEEFTA DRI % x € I(v) Pt FiRit 0(x)
AT RES - B,

nv) ={x €I(v): 6(x) <, 0(y) forally € I(v)}.




Nonemptiness and Uniqueness of the Nucleolus

1T Ok(x) FARFENBCIT S x TSR & RHTBRIUE, FATAW N ER:

Theorem 5: Characterization of 6,
MNFEENk 1<k<L2,

Oi(x) = in{e(S1,x),...,e(Skx)}.
k() Strr SICNSIES) for#jmm{e( 1), - €(S %)}

e, 4 k=18, ExCEly:

01(x) = ggvie(& x),




i ¥

Nonemptiness and Uniqueness of the Nucleolus

Corollary 1: Continuity of 6,

HERA.

XTI S CN, FEe(S,x) = v(S) —x(S) 1£ x LRI, Hit
FER M RIS REL . T AR MMES R B/ IME R TE SR AL, 3K
AT LASE T R x — min{e(S1,x), ..., e(Sk,x)} AT b NERERE
G S, .. Sk} BELE . LT A PR ES: R AU S RAE /2 T 22 PR




Nonemptiness and Uniqueness of the Nucleolus
Theorem 6: Nonemptiness of the Nucleolus

HFEAAEIEE (Vv) AERAEERE K CRY, 35 (Vv) HHF
K i RaAp s ok

JERR.
T 61 EIEEEREL,

>HH|

AN\
=
X = {x €K:0(x) = ry%?ﬁ()’)}

REHAFER. XNT2<k<2", BHEX

YEX—1

X = {x € Xi—1 : Ok(x) = min Gk(y)} .

BIEES Xi—1 BHIAES, HT O 2ELLFE RIEHENRE, ?kfl]?ﬁ
WrEE S X @B HAES E’] ETEER X BUE AR




Properties of the Nucleolus
Theorem 7: Uniqueness of the Nucleolus for Convex Sets

& (N;v) B— 1 EEHgE, # KCRY 2— M. MN(V;vK) &%
o — A

|
.

HUERA
Wx My @ HFHHAN R BITBIERH x=y. id

0(x) = (e(S1,x),e(S2,x), . ..,e(Sa,x)),
9()}) = (e(R17y)7e(R27y)7 ) €(R2»17y)),

Y954




Properties of the Nucleolus

HERA. (&)
BT x ALy HAERL AR, RHRAESL, O(x) 21 00), P 0(x) = 0(y), B

Qk(x) = Gk(y), 1<k<2",

BT KRN, T hEKP. MNTEIRETCN, A

% <T, ";y> — 29(T) — (x +)(T)

V(1) = x(T) + (1) — y(T)
= e(T,x) + e(T,y),

)i

26 (x —;y) = (e(T1,x) +e(Th,y), e(T2, %) + e(T2,p), ... (T, x) + €T, ¥)).




Properties of the Nucleolus

IERR. (£%)
BT S1 AE x AL RAGERIE, FATRT LA

e(Ty,x) < e(Sy,x),

M i Ry £ y A KACEARIA

e(Tlvy) S e(R1»J’)-
BT e(S1,) = e(Ry,y) RURRITESR), 8 AR, RATEE

e<T1’x—|—y) _e(Ty,x) +e(Ty,y) _ e(S1,x) +e(Ry,)

|
IN

5 5 = ¢(S1,x).




Properties of the Nucleolus

WERR. (&%)
5 e (71, 52) < e(S1,x), W40 (5R) <, 0(x), 5 x fERA- R
FIE. I, B e (T1, ) = e(S1,%), AT

e(T1,x) + e(T1,y) = e(S1,x) + e(Ry, ).
%U)ﬂm%ﬁ e(Tlvx) S e(S17x) %D e(le)’) S e(Rlvy) 5 ?‘2“]&%?”
e(Ty,x) = e(S1,x) He(T1,y) = e(Ry,y).

RERAE T FIRTSRAAE x A0y ACROBARME . RIlE 5 B B Wy
FANTAT LA

0(x) = (e(T1,x),e(Sh,x), ..., e(So,x)),
Q(y) = (e(Tlay)’e(RIQ’y)a .- .,e(R’Q,,,y))7




Properties of the Nucleolus

UERR. (%)

BRI, KA KL L < k< 27, AT LAER
e(Tk, x) = e(Sk,x) H e(Tr,y) = e(Ry,y) . Ha]iFik,

e(T,x) = e(T,y), VTCN.
R, x5 T={i}, RAHEWXNTREIZEEZ €N,
v(i) —xi = e({i}, x) = e({i},y) = v(i) — i,
R x; = yi. XEH x =y, MIFEATHEIERIZEE . O
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