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I
Introduction /n )

EI2 (Nash Theorem)

Every finite game has at least one Nash equilibrium.

E X (S 1ENILZ / Best Response)

For a player i, a strategy s; is a best response to a strategy profile s_; if
Ui(si, s—;) > Uy(st,s_;) for all s..

Efﬁ@ (RERIEM)

o JMRANIENHIE, & s BB 5Nk, R
o( ) > 0 H4 s; 12 o, RN,

JH., iE Si, 8 i’]m@%ﬂ%‘, Wk o*(s;) > 0,0%(s)) =0, A4
Ui(si,o*;) > Ui(st, o) T8 o*(s;) > 0,0*(s}) > 0, AB4
Ui (s, _l) = U(s},0%,).
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Basic Theorems

EIE (TEREW)

Hgt—8, T MREGHEE o, MM TEMS5A i B —4
LK s, HRA 0" (sy) = 0 B s 2 o, WEAENIRL, AL o B4
4.

R EEE, BATFRS 5 N @ BNLETREE s a8 o SCR,
W o* (s5) > 0.

WERFANER N BRI, o] LR RTANE & 125 A WpLeal
SRIMEIR SR, ASABA T o] LB RN ] T AR AL AL
I HZ I

R, SRABENAT TRD R ME R, 32 B Q] A A R L 4 SR 2 S
M. 2T LA ESEE, A4 5] Lemke-Howson B3k, AL H TR
A R A T RS s e, Am R M S SRR R T OB TR 1
NS et
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The Lemke-Howson Algorithm

Bimatrix Game and Symmetric Game
E X (Bimatrix Game)

When the players play mixed strategies with vectors x and y, the expected
payoff of the row player is x " 4y and of the column player: x " By.

E X (Symmetric Game)

A game with a payoff of U; : 47 x A3 x --- x 4, — R for player i, where 4;
is player i’s strategy set and 41 = Ay = - - - = Ay is considered symmetric if
for any permutation 7:

Urn@y(@i, -, ai,---,an) = Ui(@n(1), - - - An(i)s - - - A (W) )-

X1 Bimatrix Game, {15 ¥ 2 Symmetric Game, AFAIATE
Ui (x,y) = Us(y,x). Bk, BATTATLART A Uy (x,y) = x T Ay,
U2(,V7x) :yTATx-

Feb. 21 2025



The Lemke-Howson Algorithm

Reduction to Symmetric Games I

There is a polynomial-time reduction from Bimatrix Game to Symmetric
Game.

SERA.
X4 Uy (x,y) = xT Ry, Us (3, x) =y Cx K Bimatrix Game (Hrf x 21+
m R,y B n AE), FRATAT DM

0 R
a=ler
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The Lemke-Howson Algorithm

Reduction to Symmetric Games I1 B

WERR (%) .
HITHRE 4, T LMAEHE— Symmetric Game:

/TATxl

U (¥,y) =¥ T4y, Up(x' ) = y
Hrr ',y &R m + n 4EA i 4 x1,01 o m 4EAISL, xo,y0 K n 2
i, X' = (x1,x%2), = (v2,1)-
B AFRATA -

Uy(¥',y') = Up (/%) = x{ Ry1 + %3 CTys

3% x*,y* J2 Symmetric Game ] Nash Equilibrium, x* = (x},x3),
= @2’)’1) AAFANTVE : (xf,x3) /= (v3,7) ] Best Response, [F]3H
(v%,7%) & (%, x5) HY Best Response.
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The Lemke-Howson Algorithm

Reduction to Symmetric Games III B

IERA (22) .
FrLL:

x} = argmax x| Ry, + x4 C'y,
x1
_ T
= argmaxx; Ry;
x1
y3 = argmaxx; Ry; 4+ x4 C'y,
y2

= arg max x; C'ys
Y2

i, FATAT LAEE] x%, 5 /25 Bimatrix Game ] Nash Equilibrium. ]
TRk, RATHCEEET BN Symmetric Game #1718,
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Strategies and Inequalities

BRG], PRI B ISDUT SR 2T St e AR — R
1HE§_<9$T MR BU AR A B B I AT e B AR & S — e 2
IR

AT T RPN Lemke-Howson 5035, B HAH B2 ET Y
BRI A RIS A R B2 XA SR @A I STt e
XFFXIBRI R, —REAFAERTT AR A MG AR [R] A 25 .
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Strategies and Inequalities |

EX (AT =)

ﬂASmmmmew¢ BT IR 2 2 R AN RAEIA 24835
MRS, DT HGEFAH R AR v, IBAFRAIFR y IR A FRAEE A —
/\?li]ﬁLi’J R

HIE T A R e S, AT P A e S A AE R 1923 R L
BT g 2
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Strategies and Inequalities |

AP+

SHF— A y € RY, FEEE AT M
0 0y, <1;
° Y i yi=1

o (v,y) i CAM TR rE, Il BUREE — Bk MR AR P2 4
LA Vx e R x Ay <yTAy.
TR E R — AN =T

TR G, FLE, BOERATEERXNEFL, FATATE
KITE y [ A E 2 RIR EEBIRTAT, AT B FUR SRy it
AT S H B A R ) 5 A T 2.
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Strategies and Inequalities
M9 =

T — N y € R, FEEE 2 LA T :
0 0<y; < 1;
° Zln 1 Vi =
° (v,y) %E??\M”rﬂjﬁ A, Bl BURSA— BRI R AR 2 A4,
MLF: Vxe R, xTdy <y’ Ay.
XFE =AM, BRATEERZ T TC 2 EN™

Fo = 55N

s, s; BIRAERME , 4 o™ (si) > 0,0%(s;) =0, U‘JU(SH ;) = Uilsi, 0%);
A7 0% (s)) > 0,0%(s7) >0, W Ui(si,0%;) = U(sj, 0*).

BHPE—22, T — MR o ﬂu%}ﬁ?{}ﬂ% 5 A i (Ea—A
AISKME 57, HRA 0" (sy) = 0 B sl, B ot AR, BF4 o B—4
gLy

H
{l
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Strategies and Inequalities B

Fo = 55N

iy St YRRAETRNG , o (si) > 0,0%(s)) =0, W) Ui(si;, 0*,) > Ui(sh, 0*,)s
o (s) > 0,0%(s)) >0, N Ui(s;,0%;) = Us(sh, o%)).

Hit—2, T —MREE o il[l%ﬁ?ﬁﬂf‘% SN i EA—4
4l SR Sy, HA o* (sy) = 0 5 s,, & o s fEmRN, A4 o* 22—
.

iﬁélj‘]ﬁ“ﬁjf%,ﬁy = ())17.)}2) e ayn) 5 value = yTAys ﬁa/ﬂ‘]ﬁ

i >0, I4 el Ay = Ay = value, Hrh A; RIS HFE A (055 i 175
5y =0, 824 el Ay = Ay < value.

BRI,y RRTFRIER T — g A2 2 A

MTALR i, Ay = value 1y = 0 —FHWEA DKL
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Inequalities and Polytope B

itz=—2—, #%f1A:
value

MNTAERE i, Aiz=1Rz =0 " FWEH T

Rl FATAT LIS 2n DNEEK diz = 1,2 = 0 WK 2n NHEEPIET, TX25H
IR n 482 ] SR B 2 BT TR R Z A (polytope)

N ORFRATY Lemke-Howson FEIGAEIX A2 il AAR_EE(T.
FATTAT AFRIX A2 J R 2 ARRL G, A AT — A 8 T AR

SPHEIZEA G Sl b, RO L@ AR N s AR S
Z R ARBAL.
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Inequalities and Polytope B

B FAT TR PRI ZR AR -

XA B R 2 W AT AR A Az < 1,7 > 0,i = 1,2, .
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WEIK N LN, BATAT LI T AR
o MTHMTUR, B n METFHIZA, B n MRS

Par:
%5,

o IR n PRGN, B OB S
e o i /T
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15 20 D2, B TSR AR 1 A, BAWS 2 = 0 F
Az =V BTRAS i 4

A DU AR | B — D EEU R, FRAOTRRIXAN TS § 08
—IK; MRS IR L, Mm\ﬂ/ﬂﬁﬁ%}i KRR,
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The Lemke-Howson Algorithm

Inequalities and Polytope I

L MBS TS, N EFR

FANTERRIN A R wUERR TR LS, 50 1,2, n BYTHUA.
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Lemke-Howson Algorithm Bk A B 2 HelE—MTmE,
MBI 2 B TED, HikiE— M a R, NEAHL,
FE RN FRA T Ec AR B A A 221 1

{ERIEBE—MRRIA, I N k FEFTETUE R, RO RE =28

Tip:

Q JHi;

O B T RSN, gR5h 1,2, n THAL, a2 FRATESR gl
A R

@ 1t n MU, LA IMAHBCAHETR, BB RO — T4
PN T PR
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Lemke-Howson Algorithm S

XEFER 1AL 2 KT, FNIOGED —5%i0: fAstel K A, 24
JREEL BB TR S, EEEREH BRI TN

XA 3 KW, BATBIEE PIRRILLN 1, BT alka s L
[N W b S S v

EA R IR :

Bk, WERHA, BAT—E T AR — i, ERRNEE
Elpeafgse
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TEHUAN R R R A b, FRATA AT RES T ERIAS R g AT i, BT LAXE
TFEE—1 Bimatrix Game, FX{[JF] F Lemke-Howson &%, A LA
HE] n 4+ m DY R
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Is Nash Equilibrium NP-Complete?

BURSERAG— AN 141511 Lemke-Howson F3k /5 . BAPEATIXA
SRR ]S 2R

FANTA R AT RN R IR BRI 2 K 4N
B AHE > NP A, AR A, B2 A2 NP-Complete [i]
e 2
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» »
The Complexity of Computing Nash Equilibrium /’n 7 ? J’. g

Is Nash Equilibrium NP-Complete?

BURSERAG— AN 141511 Lemke-Howson F3k /5 . BAPEATIXA
SRR ]S 2R

FANTA R AT RN R IR BRI 2 K 4N
B AHE > NP A, AR A, B2 A2 NP-Complete [i]
g ?

HCBeA 1 IR SAT 3130 AMRAIIK S it — e h
!
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The Complexity of Computing Nash Equilibrium /’n 7 ? J’. g

Is Nash Equilibrium NP-Complete?

BURSERAG— AN 141511 Lemke-Howson F3k /5 . BAPEATIXA
SRR ]S 2R

FANTA R AT RN R IR BRI 2 K 4N
B AHE > NP A, AR A, B2 A2 NP-Complete [i]

LIE
HCBeA 1 IR SAT 3130 AMRAIIK S it — e h
!

A2 NS4 11115 /2 NP-Complete [, 23 %44+ A Wg?
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The Complexity of Computing Nash Equilibrium

Is Nash Equilibrium NP-Complete? B
T (Megiddo and Papadimitriou)

RN 144 2 NP-Complete [a)fll, #f4 NP=co-NP.

WERR.

AT 1572 NP-Complete [FJiH, AR AFATAFAE—~ A SAT [A]BI2] 44
¥ IRl 2 BT ALY, b, XA SRR LS P R
@ A polynomial-time algorithm A; that maps every SAT formula ¢ to a
Bimatrix Game 41 (¢);

@ A polynomial-time algorithm A5 that maps every Nash Equilibrium
(x,y) of a game 4, (¢) to a satisfying assignment 45 (x, y) of ¢,if one
exists,and to the string “no”otherwise.

Feb. 21 2025



» »
The Complexity of Computing Nash Equilibrium /’n 7 ? J’. g

Is Nash Equilibrium NP-Complete?

Algorithm for SAT

solution
Instance Bimatrix P Algorlth'x;l MNE of 4,(¢) 4 / to ¢
of SAT 1 game A4 () or computing 9
¢ - MNE ™ “no solution”

WERA (£%) .
AR ARZY”, B DO F— A AT LA R B, BATHZH R i)
AR — A, T AR — I RO

FrUAXS T A2 R, HERXATLARAL, ASAEEMT BB R (x,p) #B
R LATERE Ag PRI IRET 2150 12 .
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The Complexity of Computing Nash Equilibrium

Is Nash Equilibrium NP-Complete? I

Algorithm for SAT

solution

Bimatrix ; Algorith? e of 40 7 0
of SAT 1 game A (d)) or computing
¢ d MNE \ “no solution”

WERA (ZF) .

ZRE— AT RERE R AT ¢, FRATE el HE% L H—1> Bimatrix
Game 4;(¢), HWHTIERILNTA 41(9) B— DA (x,»), FATATLL
WA A2, RIUZERECK 218 No.
FHILERAAS 2] T — AT LA T 2 “SAT [RjLE A — e ] i 15
%, At SAT /2 co — NP 1.

1] SAT i /& NP-Complete [iJfil, FfFEA NP C co — NP, JXFi X
EXMERY, FrLA NP = co — NP. O
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E X (TFNP)

IR —AER, X FAERRA, HERA MR, FFHME LAEL I
AR BTHAE, AR ERURT TFNP 223K

4K TFNP 2 NP [Al#if)—>7-8, Nash Equilibrium [i] @i 2 —> TFNP
IR, BRARAN T AR 2 I BE )1 NP-Complete [, 84 B RE
ARERVE IR A — KA TFNP-Complete [FJfI1E ?
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The Complexity of Computing Nash Equilibrium

TFNP Class T

E X (TFNP)

IR —AER, X FAERRA, HERA MR, FFHME LAEL I
AR BTHAE, AR ERURT TFNP 223K

4K TFNP 2 NP [A#ip)— 74, Nash Equilibrium [A]#/2— TFNP
[, BEARANAH I AN RE /2 YU F BT 19 NP-Complete [Rl81, JBAERE
NRE TR 2 — RiHY TENP-Complete [R]#17¢ ?

e, FATHATEAHE]— 1 TFNP-Complete [

FATFR NP I P iX2ehfi) 25 n)@l (syntactic) , RPELE 5T DA E
AT ERRL (BEME / A E RN & X, H Complete [F]ffih,
AT LIGE SUAEIXAERY T AR

{HEXST TENP FATFRH 1B IR @ (semantic) , I Q1SR ARLN (14
fir. R, BT AR N2 IR, 538 A AE TR AL
WIENR, FATCE AR — 5 — IR X e H R A k.
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The Complexity of Computing Nash Equilibrium

PPAD Class T

R, BT Bk 2P YR Y2 TENP [l 2590 (24 pg sk [l — 4>
RS E AR

PPAD (for polynomial parity argument, directed version)

o AE: FMITUNEIR MBRRE, AR —IRES
B — IR

o ATIURIINEMLERE A 1;
o EFAE— MBI (NEHN 0), 1EMNEARRERAE A
AR B 7 MRDUREGC TR (BN 0), VROVl .
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The Complexity of Computing Nash Equilibrium

Nash Equilibrium belongs to PPAD B

A Lemke-Howson 553%, 3RATE 20K — AN AL B T — 4
Z AR ERER R, FRATAT AR BIX N ABLE A RFG PPAD [5E L.

Nash Equilibrium and PPAD

o AlE: BANTRER M ER, FFELETN—Tght
B RE) R AT B RO RS 5

o FEIEBURIIRA k5, B TURIINENI ERZ N 1;

o WMICLMIE 1R, FH BARHIAH KB LIRS — MR
BT

AT LIASE . Nash Equilibrium [R]85 PPAD [ 52 SO (Rl HZ 2540 1
[Al 1t Nash Equilibrium 3t & PPAD-Complete [1).
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Brouwer Fixed Point and PPAD B

FH—A e & 81 PPAD )32 Brouwer Fixed Point Theorem, T [E
SR

Brouwer Fixed Point Theorem

Let D be a closed, bounded, and convex subset of R”, and let f: D — D be a
continuous function. Then there exists a point x € D such that f{x) = x.

(FEBAG) BATAT LG oA f R A L ox B0 Ax) . 25k
W, BAPTURINEZMI ERZ 40 1, BT UMERRDT . BE
PENA R R TZER A A B AL

EIE (Hirsch et al., 1989)

Any algorithm for finding Brouwer fixpoints that treats the function as a
black box must be exponential.

Feb. 21 2025
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Are PPAD-Complete Problems Hard? S

FRATE SEREAGTH—~ PPAD [FJEIMERT : & E L NP [, [
NE T — A BRI R E L P IR

FATHERTISIE T PPAD 2 NPC i) J5 5, Alin e PPAD 2 P | ing ?
IR PPAD [rjfin] A2 WA ek, BB EE H Rk 2 © AR
O AT A T BRI DGR T
P45 B A o St B B T A Bl

B LSRR BLL), HEESEFRATTE G IR P # NP, W P = NP,
A2 H9h2H P = PPAD = NP.
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The Complexity of Computing Nash Equilibrium

BERE ERE: FKE

TR, TAPCICRE RIERIAN BB, e — T R R G
Dl——2USRME AN 2485, AR SRARZUSRMS a0 A28 19 S35 M HAZ 2Rk

B IEBEA A AR A —— i KR R

Feb. 21 2025



The Complexity of Computing Nash Equilibrium

BERE ERE: FKE

22 3] RS R ) — A S MU Tt R R A B IR 2
—ik MK G = (V,E), HPEEN e € EIRER we (we > 0). iZI1)
A T — 8 (X X)), RNERTIUSEE VRIS AW . 2R

F H bR B AR 2 fd KA . B2 AL — P TS E SR & X
L BTN S X PRI R P # NP, WEZIREUN AR 0
EWiBIEIfE N R

Frt s e AR AR R AU, EIEHTRE NP HXEREL A
FEBCRH R . RE R SR A SRR AR fa] B

RAECENEEEREE

WHIRAT R — 1] (X, X))

while {F7E S ALHY Ja 0 #% 2 do
PATEE— XN RE % 8
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The Complexity of Computing Nash Equilibrium

BERE ERE: FKE

X RIS SRR, Ry IR — U RS 32 55—
B, WA Ry NG XFE3hE X, U H bR ef B oA -

Z Wyy — Z Wyy
ueX,(u,v)€E ueX’,(u,v)€E
IR LA EAX P Z R IERL B2 — R RS St 2 SEALHY -
WRBAB AW R 5, REE R B R T, SR
ZERR AR REE A ER R
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The Complexity of Computing Nash Equilibrium

BERE ERE: FKE

FANTRT LUK AR R L AL . o oA R A R H BT
iE.

T RAFIE, BRI G, ABAMXT R, 72 ML A
[ H o, BTSRRI R s . XLEmEE shiE A
FAZATER, BrLAE HoOg— A TRJERA . & H AP AR e (R
Werd) FoR AR SRR R REAAE ] H RIS 1A AT E

EEEN MR RO IE -

Bl REE R Bk R R LA
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The Complexity of Computing Nash Equilibrium

i3 &)
PLS: R F/EE R @B

FAMITBLE L PFTIIE AE, E B P HIE RE o KR R b i R Y
SIRIE, TEHAGHIRHE E TR 5 | H B9 4l SRS 20 1124 [ .

PLS BIENX

PLS & — i R, HH#E LT &M

o H— LI HAEE: WMAE— R ER B EE,
HERAEE— 1T

o B ANZ W A A : AR — R R RS E SR
19 R T K O R AP S e SO S R NE SR G

o F A2 HIATE: WAE— N AT R R EENE
— AT, XL 2ME YTt 2 i i, 2
D TEAE— A B BT H bR R BUE R i -
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The Complexity of Computing Nash Equilibrium

PLS: H%EEHEREE it

If a PLS Problem is NP-hard, then NP=co-NP.

ZHTEAUEME T TENP {8, 1 PLS C TFNP, firLUZSA.

Input: Ix
|

Algorithm/Oracle
thatsolves L
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The Complexity of Computing Nash Equilibrium

A First PLS-Complete Problem: Circuit/ Fli )

7E X (Circuit / Flip)

An instance / of Circuit/Flip is an acyclic boolean circuit with x1, ... ,x,
inputs and y1, . . ., v, outputs. It can be imagined for example as an actual
circuit or a m X 1 vector of boolean expressions. A solution s of / is a certain
assignment of x1, ..., x,. The cost of a solution x1, . .., x, is the output

V1, ---,¥Ym read as an integer number, so:

(X1, .-y xn) E 2(i—1)

fRESK, Max - Circuit / Flip 5 Min - Circuit / Flip 2 &4 1.
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The Complexity of Computing Nash Equilibrium

st 1E R PLS (55 S

FEATSRERE AN A . FRATRE 3" neighborhood” 2y — A Br o il de— 43K
WAL, R — DAl S 2 575 — 1 afi SRS

B H AT ARYSRRE RS2 s, 8 SCAREREAs) M ATA BuR i et
M, IAEFR AU KPR RS, — ERREAs) A3
REE ORISR S5 LR R AR R, iR Wia 7w
EHL——IE 2] TN
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Example 3.1 Max-circuit/Flip

@ VI
(31 V3) A

Figure 3: Circuit I

Table 3: Solutions and costs
One solution s: z=lay=1lay=1
Output of solution s: ~ y1=1,52=0

Cost of solution s: as binary: 01, as decimal: 1

Neighbors of solution s: @1 =1, 22 = 1, 73 = 0 with output 31 =1, yp = 1
and cost in decimal 3
o1 =1, =0, 73 =1 with output y1 =1, 3o = 0
and cost in decimal 1
21 =0, 22 = 1, 23 = 1 with output y; = 1, yo = 0
and cost in decimal 1

Local optimum: 21=1,2,=1,25 =0 with output gy =1, yp = 1
and cost in decimal 3
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(31 V3) A

Figure 3: Circuit I

Table 3: Solutions and costs
One solution s: z=lay=1lay=1
Output of solution s: ~ y1=1,52=0

Cost of solution s: as binary: 01, as decimal: 1

Neighbors of solution s: @1 =1, 22 = 1, 73 = 0 with output 31 =1, yp = 1
and cost in decimal 3
o1 =1, =0, 73 =1 with output y1 =1, 3o = 0
and cost in decimal 1
21 =0, 22 = 1, 23 = 1 with output y; = 1, yo = 0
and cost in decimal 1

Local optimum: 21=1,2,=1,25 =0 with output gy =1, yp = 1
and cost in decimal 3
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To be Continued...

o PLS-Complete [l L2 ;
e PPAD-Complete [FJHA[HIZY ;
o TN I 5 N K AH R AEHE 5
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